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Abstract
We discuss how compactied extra dimensions may have potentially observ-
able eects which grow as the compactication scale decreases. This arises
because of lightcone fluctuations in the uncompactied dimensions which can
result in the broadening of the spectral lines from distant sources. We il-
lustrate this eect in a ve dimensional model, and argue that data on the
CO lines from quasars require the compactication length to be greater than
about 5 10−1 mm in this model.





One of the most challenging problems in modern physics is the unication of the gravita-
tional interaction with other known interactions in nature. Many attempts involve going to
higher dimensions and postulating the existence of extra spatial dimensions. If these extra
dimensions really exist, one must explain why they are not seen. The usual answer is that
they curl into an extremely small compactied manifold, possibly as small as the Planck
length, lpl = 1.6  10−33 cm. Therefore low-energy physics should be insensitive to them
until distances of the compactication scale are being probed. In general, one has the possi-
bility of observing the presence of the extra dimensions in a scattering experiment in which
energies greater than that associated with the compactication scale are achieved. Various
upper bounds have been put on the size of possible extra dimensions [1,2]. For example, an
upper bound of  1Tev was given in orbifold compactications of superstrings [2]. However,
if only gravity propagates in the extra dimensions, the upper bound can be much larger. A
recent proposal is that the fundamental scale of quantum gravity can be as low as few Tev
and the observed weakness of gravity is the result of large extra dimensions in which only
gravity can propagate [3]. This scenario could be realized in the context of several string
models [4]. To avoid conflicts with the Standard Models (SM), it is assumed that the SM
elds are stuck to a 4-dimensional hyper-surface with a \thickness" of the order MW , while
gravitons propagate freely in the entire bulk. The size of extra dimensions could then be as
large as 1 mm in this type of model. Extra dimensions of suciently large size may manifest
themselves in particle colliders [5] and in the possible deviation from Newton’s law at short
distances [6], and they may also have implications in gauge unication [7] and cosmology
[8].
However, a question arises naturally as to whether there are any lower bounds on the
sizes of extra dimensions. It is the common belief that the existence of extra dimensions
has no eect on low-energy physics as long as they are extremely small. We will argue
in this letter that this is not the case, because of lightcone fluctuations arising from the
quantum gravitational vacuum fluctuations due to compactication of spatial dimensions
[9,10]. The compactication of spatial dimensions gives rise to stochastic fluctuations in the
apparent speed of light which are in principle observable. Basically, the smaller the size
of the compactied dimensions , the larger are the fluctuations that result. This is closely
related to the Casimir eect, the vacuum energy occuring whenever boundary conditions are
imposed on a quantum eld. The gravitational Casimir energy in the ve-dimensional case
with one compactied spatial dimension was studied in [11], where a nonzero energy density
was found, which tends to make the extra dimension contract. This raises the question of
stability of the extra dimensions. It is possible, however, that the Casimir energy arising
from the quantum gravitational eld and other matter elds may be made to cancel each
other [12], thus stabilizing the extra dimensions. Quantum lightcone fluctuations due to the
compactcation of spatial dimensions [9], although similar in nature to the Casimir eect,
come solely from gravitons. Hence, no similar cancelation is to be expected.
In a recent work, we studied the light cone fluctuations in 4 dimensional flat space-
time with compactication in one spatial dimension [9]. It was found that these fluctua-
tions, although typically of the order of the Planck scale, can get larger for path lengths
large compared to the compactication scale. In particular, the mean deviation from the
classical propagation time, t, is proportional to the square root of the travel distance,
r. In this paper we rst generalize the formalism to spacetimes with extra dimensions,
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then examine the 5 dimensional case in particular to demonstrate an interesting observ-
able consequence of compactication of the extra dimension. To begin, let us examine a
d dimensional spacetime with d-4 extra dimensions. Consider a flat background spacetime
with a linearized perturbation hµν propagating upon it , so the spacetime metric may be
written as ds2 = (ηµν + hµν)dx
µdxν = dt2 − dx2 + hµνdxµdxν , where the indices µ, ν run
through 0, 1, 2, 3, ..., d− 1. Let σ(x, x0) be one half of the squared geodesic distance between
a pair of spacetime points x and x0, and σ0(x, x0) be the corresponding quantity in the
flat background . In the presence of a linearized metric perturbation hµν , we may expand
σ = σ0 + σ1 + O(h
2
µν) . Here σ1 is rst order in hµν . If we quantize hµν , then quantum
gravitational vacuum fluctuations will lead to fluctuations in the geodesic separation, and
therefore induce lightcone fluctuations. In particular, we have hσ21i 6= 0, since σ1 becomes
a quantum operator when the metric perturbations are quantized. The quantum lightcone
fluctuations give rise to stochastic fluctuations in the speed of light, which may produce an
observable time delay or advance t in the arrival times of pulses.
Let us consider the propagation of light pulses between a source and a detector separated
by a distance r on a flat background with quantized linear perturbations. For a pulse which
is delayed or advanced by time t, which is much less than r, one nds
σ = σ0 + σ1 + .... =
1
2
[(r + t)2 − r2]  rt . (1)
Square the above equation and take the average over a given quantum state of gravitons jφi





This result is, however, divergent due to the formal divergence of hφjσ21jφi. One can dene
an observable tobs by subtracting from Eq. (2) the corresponding quantity, t
2
0, for the
vacuum state as follows








Here we take the absolute value of the dierence between t2φ and t
2
0, because the observ-
able quantity t2obs has to be a positive real number. Note that we can also get this result
from the gravitational quantum average of the retarded Green’s function hGret(x, x0)i when
hσ21iR > 0 [10]. Therefore, the root-mean-squared deviation from the classical propagation






The gauge invariance of this expression has been analyzed recently [9]. Note, however, that
t is the ensemble averaged deviation, not necessarily the expected variation in flight time,
δt, of two pulses emitted close together in time. The latter is given by t only when the
correlation time between successive pulses is less than the time separation of the pulses.
This can be understood physically as due to the fact that the gravitational eld may not
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fluctuate signicantly in the interval between the two pulses. This point is discussed in
detail in Ref. [13]. These stochastic fluctuations in the apparent velocity of light arising
from quantum gravitational fluctuations are in principle observable, since they may lead to
a spread in the arrival times of pulses from distant astrophysical sources, or the broadening
of the spectral lines. This is what we will use to place a lower bound on the size of the extra
dimension. Lightcone fluctuations and their possible astrophysical observability have been
recently discussed in a somewhat dierent framework in Refs. [14,15].
In order to nd tobs in a particular situation, we need to calculate the quantum ex-











dr0 nµnνnρnσ G(1)Rµνρσ(x, x
0) . (5)
Here dr = jdxj, r = r1 − r0 and nµ = dxµ/dr. The integration is taken along the null
geodesic connecting two points x and x0, and G(1)Rµνρσ(x, x
0) is the graviton Hadamard function,
understood to be suitably renormalized. We shall use a quantization scheme of linearized
gravitational perturbations hµν which retains only physical degrees of freedom. That is, we
are going to work in the TT gauge in which the gravitational perturbations have only spatial
components hij , satisfying the transverse ∂
ihij = 0 and tracefree h
i
i = 0 conditions, where
i, j run through 1 to d-1. These 2d conditions remove all of the gauge degrees of freedom
and leave 1
2




[ak,λeij(k, λ)fk + H.c.]. (6)
Here H.c. denotes the Hermitian conjugate, λ labels the 1
2
(d2 − 3d) independent polariza-
tion states, fk is the mode function, and the eµν(k, λ) are polarization tensors. (Units
in which 32piGd = 1, where Gd is Newton’s constant in d dimensions and in which
h = c = 1 will be used in this paper.) Now suppose the extra (d-1)-th dimension xd−1




2 ei(kx−ωt) with kd−1 = 2pinL , n = 0,1,2,3, ... . Let us denote the
associated vacuum state by j0Li. In order to calculate the gravitational vacuum fluctu-
ations due to compactication of the extra dimension, we need the renormalized graviton
Hadamard function with respect to the vacuum state j0Li, G(1)Rµνρσ(x, x0), which can be seen to








0, x0d−1 + nL) , (7)
1Although the derivations there were given in 3+1 dimensions, the generalization to arbitrary
dimensions is straightforward.
2By Minkowski we mean flat spacetime with all dimensions uncompactied
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where the prime on the summation indicates that the n = 0 term is excluded and the notation
(t, x1, .., xd−2, xd−1)  (t, xd−1) has been adopted. Let us now calculate the Minkowski















The summation of polarization tensors in the transverse tracefree gauge is (See the Appendix
in Ref. [9]3 ) ∑
λ
eij(k, λ) ekl(k, λ) = δikδjl + δilδjk − δijδkl + k^ik^jk^kk^l




. We nd that
G
(1)
ijkl = 2Fijδkl + 2Fklδij − 2Fikδjl − 2Filδjk − 2Fjlδik − 2Fjkδil
+2Hijkl + 2D
(1)(x, x0)(δikδjl + δilδjk − δijδkl) . (10)







































Note that if d > 5, we will want to compactify more than one dimension and the calculation
becomes more complicated. However, from now on, we will restrict ourselves to the 5


















and Hijkl = 0. Here R = jx− x0j and t = t− t0.
3The tensorial argument given there applies in any number of dimensions
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To examine the influence of the compactication of the extra dimension on the light
propagation in our three dimensional world, let us consider a light ray traveling along the x1
direction from point a to point b, which is perpendicular to the direction of compactication.
Plugging the above results in Eq. (5), carrying out the dierentiation in the function Fx1x1,




















where we have dened r = a− b and a dimensionless parameter  = r/L. We are interested
here in the case in which   1. It then follows that the summation is dominated, to the












where ζ(3) is the Riemann-zeta function. So, the mean deviation from the classical propa-














  tpl  . (18)
Here we have used the fact that G5 = G4L, and tpl  5.39  10−44s is the Planck time.
This result reveals that here the mean deviation in the arrival time increases linearly 4
with r and the smaller size the extra dimension is compactied into the larger the eect
gets. So, if the compactication size is very small, the spread in pulse arrival times from
a distant astrophysical source can get large enough to be observable. Notice that here
hσ21iR is renormalized to zero as L ! 1. One may argue that if we take the manifold
with compactied extra dimensions to have hσ21iR = 0, then the lightcone fluctuations
could be renormalized away. This argument applies, however, only to the case where the
compactication size L is always kept xed . If L is allowed to vary, for example, as the
universe evolves, then lightcone fluctuations would produce noticeable eects. Particularly
so, when we try to detect the spread in the arrival times of pulses from distant astrophysical
sources, where we are looking back in time.
The fluctuation in the flight time of pulses, t, can be applied to the successive wave
crests of a plane wave. This leads to a broadening of spectral lines from a distant source.
Note, however, that t is the expected variation in the arrival time of two successive crests
only when the correlation time is less than the period of the wave. As discussed in Ref. [13],
this correlation time is typically of the order of the wavelength of the graviton modes which
give the dominant contributions to hσ21iR. It is reasonable to expect that the correlation time
in our case is  1/L. Suppose that the experimental fractional resolution for a particular
spectral line of period T is Γ. Then we must have t
T
 Γ which leads to a bound on L
4Note however, in the usual four dimensional case with one compactied spatial dimension t
grows linearly with the square root of r [9].
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L  r tpl
ΓT
. (19)
However, L is also the correlation length, therefore this bound can be trusted only when it




 cT , yielding a restriction on the range of spectral lines that we can use to




















Obviously, the optimal lower bound would be deduced from the spectral lines of distant
galaxies, possibly of cosmological distance, with the highest observed spectral resolution.
For astrophysical sources of cosmological distance, spectral lines which satisfy Eq. (20) will
have wavelengths > 1mm assuming a resolution of Γ  10−3. The detection of CO(1!0)
line emission at 2.6 mm from luminous infrared galaxies and quasars [16] provides the type of
data needed to get a bound. According to Ref. [16], the observed CO line resolution for the
infrared quasar IRAS 07598+6508 , which is at a distance of 596 Mpc assuming H0 = 75km
s−1 Mpc−1, is about Γ  10−3, leading to L > 5  10−1mm. It should be remembered here
that this result is for the 5 dimensional model only. Here, the size of the extra dimension
has to be rather large in order not to contradict the astrophysical observation. The lower
bound given here is within the sensitivity of the recently proposed experiments for possible
deviations from Newtonian gravity [17].
To conclude, we have demonstrated, in the case of one extra dimension, that the large
quantum lightcone fluctuations due to the compactication of the extra dimension require
the size of the extra dimension to be macroscopically large. This result seems to rule out
theories in which non-gravitational elds propagate in the extra dimension, but still allows
theories with only gravity in the 5th dimension. We must point out that the rate of growth of
t with r depends crucially on the number of spatial dimensions. In 4 dimensions, t / pr,
while in 5 dimensions t / r. One expects that in larger number of dimensions, there will
be an eect of compactication, but its details need to be determined by explicit calculations
for particular models. This is a topic for future research. The main point of this paper is
that there are potentially observable eects of extra dimensions upon the widths of spectral
lines from distant sources.
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